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Abstract
It is argued from geometrical, group-theoretical and physical points of view that
in the framework of QCD it is not only necessary but also possible to modify the
Dirac equation so that correspondence principle holds valid. The Dirac wave equa-
tion for a quark is proposed and some consequences are considered. In particular,
it is shown that interquark potential expresses the Coulomb law for the quarks and,
in fact, coincides with the known Cornell potential.
1 Introduction
According to the modern standpoint [1], spacetime theory is any one that
possesses a mathematical representation whose elements are a smooth
four-dimensional manifoldM and geometrical objects defined on M. The
system of real local coordinates onM is defined as a topological mapping
of an open region U ⊂M onto the Euclidean four-dimensional space E4.
Thus, the Euclidean four-dimensional space E4 is a fundamental struc-
ture element of the mathematical formalism of contemporary physics.
However, it can be shown that E4 has an underlying structure that is
exhibited in the existence of group of transformation that does not co-
incide with the SO(4) group. In physical space E3 - and, for the sake
of comparison, on physical plane E2- we consider the groups of rotations
and dilatations with the generators
D = x
∂
∂x
+ y
∂
∂y
+ z
∂
∂z
, M1 = z
∂
∂y
− y
∂
∂z
M2 = z
∂
∂x
− x
∂
∂z
, M3 = −y
∂
∂x
+ x
∂
∂y
in E3 and with generators
D = x
∂
∂x
+ y
∂
∂y
, M = −y
∂
∂x
+ x
∂
∂y
1
in E2.We denote these groups by D⊗SO(3) and D⊗SO(2), respectively.
It can be shown that an element of first group can be parametrized by
the real numbers a, b, c, d; it is suitable to consider them as a quaternion
q = ai+ bj + ck + d. For the second group, we have two real parameters
combined into a complex number w = u + iv. It is easy to verify one-
to- one correspondence between the algebras quaternions and complex
numbers and the D⊗SO(3) and D⊗SO(2) groups. The transformations
of the D⊗SO(3) and D⊗SO(2) groups in E3 and E2 can be represented
as
R′ = qRq¯ r′ = wrw,
where R = xi + yj + zk in the first case and r = x + iy in the second
case. When we consider D ⊗ SO(3) and D ⊗ SO(2) groups as linear
spaces it can easily be seen, with the aid of the well-known algebra, that
the four- dimensional space of quaternions Q4 and the two- dimensional
space of complex numbers, Q2, give spinor representations of the groups
in question. These representations are realized as follows:
u′ = qu, z′ = wz, (1)
where
u = u1i+ u2j + u3k + u4, z = z1 + z2i.
A remarkable property of this transformations is that there is only one
point u = 0, (z = 0) that is a stable under the transformations given by
(1). When we fix any other point, the transformations reduce to the iden-
tity transformation. Another important feature of this transformations
(1) is that the Euclidean scalar products in Q4 and Q2
(u, u) = uu¯ = u21 + u
2
2 + u
2
3 + u
2
4, (z, z) = zz¯ = z
2
1 + z
2
2
are invariant under transformations (1), provided that qq¯ = 1 and ww¯ =
1. But this does not mean that Q4 and Q2 are Euclidean spaces because
(1) hold. It should be noted, that there is a simple mapping from Q2 to
E2 of the form
r = z2.
This mapping is known as the Bolin transformation. It can be shown,
however, that there is no mapping from Q4 to four-dimensional Euclidean
space. Thus, what we usually call four-dimensional Euclidean by the
analogy with a three-dimensional physical space is in fact Q4. That there
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is no such mapping follows from the fact that real Dirac matrices γi,
possessing the properties
γiγj + γjγi = 2δij, i, j = 1, 2, 3, 4
do not exist. However, there is mapping from Q4 to E3 which can be
defined as
R = uiu¯.
This mapping is known as Hopf mapping. Therefore, the components
of a quaternion u are not observable in a direct way, but only through
some expressions constructed from these components. In seance, this
situation is similar to that with a wave function in quantum mechanics.
It is obvious that a three-dimensional sphere in Q4,
u21 + u
2
2 + u
2
3 + u
2
4 = ρ
2
inherits the properties of the enveloping space. In view of the unusual
properties of four-dimensional space and of, respectively, a three- dimen-
sional sphere S3, we consider the investigations associated with the last
object.
From the geometrical point of view a three-dimensional sphere is a
space of constant positive curvature. The Kepler-Coulomb problem in
this space has a long history and was first investigated by Schro¨dinger
[2]. The symmetry properties of the Schro¨dinger equation for the Kepler-
Coulomb problem in a space of constant positive curvature was analyzed
by Higgs [3] and by Leemon [4]. On the other hand S3 is the configu-
ration space for a Top. The quantum-mechanical problem for the free
motion of a Top was investigated shortly after the creation of quantum
mechanics in its moderns form (see for example [5]). It is obvious that
connections between these two directions of investigation are very impor-
tant. Moreover in the 1930s, it was emphasized by Casimir [6] that, from
the physical point of view, the notion of a rigid bogy is as fundamental
as the notion of material point. At last, we would like to emphasize that
QCD is conceptually a simple theory and that its structure is determined
solely by symmetry principles. However, there is no connection between
such important phenomena as confinement and quark-lepton symmetry,
on one hand, and the first principles of QCD, on the other hand. Despite
prolonged and complicated experiments, free quarks have not yet been
observed, but it is commonly believed that quarks are true elementary
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particles like electrons. Experimentalists gradually arrived at the conclu-
sion that the matter is not in the details of the experiments but rather
in the fundamental properties of matter, which were sought under vari-
ous assumptions. For instance, it is hypothesized that quark confinement
can be explained by topological methods that have recently found still
a wider use in physics. Nevertheless, the most natural and reliable ap-
proach to the problem of confinement must be sought in the possibility
of modifying the original Dirac equation to take into account the unusual
properties of the quarks.
Summarizing all the facts considered above, we conjecture that the
configuration space of a quark coinces with the configuration space for a
Top. Within this conjecture, we will derive the Dirac wave equation for
a quark and consider some of its properties.
2 Formulation of the Problem
The choices of underlying spacetime manifold can be reasoning as fol-
lowers. Consider a conventional quantum-mechanical operator of the 4-
momentum with components
P0 = −ih¯
∂
∂x0
, P1 = −ih¯
∂
∂x1
, P2 = −ih¯
∂
∂x2
, P3 = −ih¯
∂
∂x3
, (2)
where x0 = ct, x1 = x, x2 = y, x3 = z. Further, the group of trans-
lations of spacetime is a finite continuous Lie group with the generators
X0 =
∂
∂x0
, X1 =
∂
∂x1
, X2 =
∂
∂x2
, X3 =
∂
∂x3
. (3)
Besides, the linear operators (3) are generators of a simply transitive
group of transformations [7]. In our case it is an Abelian simply transitive
group of transformations because
[Xa, Xb] = 0, a, b = 0, 1, 2, 3.
The connection between(2) and (3) is obvious. If a simply transitive
group is a group of transformations of a certain spacetime, this space-
time is called homogeneous, as this group can transform any point of the
spacetime to any a priori given point. To make further analysis more
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transparent, we present the general characteristic of homogeneous space-
time manifolds.
As any vector field with components V i can be associated with the
linear operator X = V i∂/∂xi, the operator X is called the vector field.
Then, let the vector fields Xa
Xa = V
i
a
∂
∂xi
(a = 0, 1, 2, 3) (4)
are generators of a simply transitive group of transformations of a four-
dimensional spacetime manifold M . Indexes from the beginning of the
Latin alfavet numerate vectors. In this case
[Xa, Xb] = f
c
abXc, (5)
where f cab are structure constants of the group in question. The vector
fields V ia uniquely determine the system of covector fields V
a
i such that
V iaV
a
j = δ
i
j, V
a
i V
i
b = δ
a
b . (6)
The simply transitive group induces a natural integrable connection Γ on
M with Christoffel symbols
Γijk = V
i
a∂jV
a
k (7)
and a natural metrics of the Lorentz signature on M
gij = ηabV
a
i V
b
j , g
ij = ηabV iaV
j
b , (8)
where ηab = η
ab = diag(1,−1,−1,−1). From (5) and (7) for the torsion
tensor and torsion covector of the connection (7) we obtain
T ijk = Γ
i
jk − Γ
i
kj = −f
a
bcV
i
aV
b
j V
c
k , Ti = T
k
ki = −f
a
abV
b
i .
From (5) and (8) we have
V iaV
j
b;i = (f
c
ab − ηadf
d
bcη
ce − ηbdf
d
aeη
ce)V jc , (9)
where semicolon means the covariant derivative with respect to the Levi-
Civita connection of the metrics (8) with the Christoffel symbols
{ijk} =
1
2
gil(∂jgkl + ∂kgjl − ∂lgjk).
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Knowing generators of the simply transitive group Xa we can find gen-
erators Ya of the mutual simply transitive group by solving the equation
∇iV
j − T jikV
k = 0, where ∇i is the covariant derivative with respect to
the connection (7). For Xa, Ya we have [Xa, Yb] = 0, a, b = 0, 1, 2, 3.
The manifold M that admits a simply transitive group of transfor-
mations and has the metrics (8) will be called the homogeneous space-
time manifold. The Minkowski spacetime is a particular case of homo-
geneous spacetime manifolds. If a homogeneous spacetime defined by a
non-Abelian simply transitive group of transformations has a physical
meaning, from (2) and (3) it follows that the operator
−ih¯X0 = −ih¯V
i
0
∂
∂xi
will be analog of the operator P0 in the Minkowski spacetime.
3 The Dirac wave equation for a quark
Here we will define a homogeneous spacetime manifold that differs from
the Minkowski spacetime by geometrical and topological properties and
show that a spacetime manifold of that kind obeys all the required con-
ditions and is of definite interest for the physics of quarks.
In the five-dimensional Minkowski spacetimeM 51,4 with Cartesian coor-
dinates xA (indices denoted by capital letters run through the five values
0, 1, 2, 3, 4) and metrics
ds2 = ηABdx
AdxB = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 − (dx4)2,
we will consider the one sheet hyperboloid H4
ηABx
AxB = (x0)2 − (x1)2 − (x2)2 − (x3)2 − (x4)2 = −a2, (10)
where a is the radius of H4, and prove that it is a homogeneous spacetime
manifold.
We will use the scalar product (X,Y ) = ηABU
AV B for any vector fields
X = UA∂A and Y = V
A∂A on M
5
1,4. The vector fields
PA = δ
C
A∂C, MAB = (xAδ
C
B − xBδ
C
A)∂C ,
6
where xA = ηABx
B, are generators of the Poincare group of the five-
dimensional Minkowski spacetime. All vectors fields MAB are orthogonal
to the radius-vector R = xC∂C , but this is not the case for the vector
fields PA. Representing PA as the sum of the component aligned with the
direction of the radius vector R and the component orthogonal to this
direction, we obtain the vector fields
MA = aPA +
1
a
(R,PA)R = (aδ
C
A +
1
a
xAx
C)∂C ,
which are tangent to H4, because from (10), it follows that (R,MA) = 0
at each point of H4. The vector fields MA and MAB are generators of the
group of conformal transformations of H4 because we have
[MA,MB] = −MAB, [MA,MBC ] = ηABMC − ηACMB. (11)
Let us now introduce the vector fields
X0 =M0, X1 =M14+M23, X2 =M24+M31, X3 =M34+M12 (12)
with the components
X0 = (a+
x2
0
a
, x0x
1
a
, x0x
2
a
, x0x
3
a
, x0x
4
a
),
X1 = (0, −x4, −x3, x2, x1),
X2 = (0, x3, −x4, −x1, x2),
X3 = (0, −x2, x1, −x4, x3).
It is straightforward to see that the vector fields X0, X1, X2, and X3
are continuous and do not vanish at any point of H4. Because (Xa, Xb) =
0 for a 6= b, a, b = 0, 1, 2, 3 and
(X0, X0) = −(X1, X1) = −(X2, X2) = −(X3, X3) = a
2 + x20,
the vector fields X0, X1, X2, and X3 are linearly independent at each
point of H4. From (11), it follows that
[X0, Xi] = 0, [Xi, Xj] = 2eijkXk, i, j, k = 1, 2, 3,
where eijk is the completely antisymmetric Levi-Civita symbol specified
by the equality e123 = 1. In this way, we have proven that the one sheet hy-
perboloid (10) admits a simply transitive group of transformations whose
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generators are given by (12) and which has only the following nonzero
structure constants:
f 123 = f
2
31 = f
3
12 = 2. (13)
Therefore, we will supply H4 with a metrics of the type (8) and thus
transform H4 into the hyperbolic spacetime H41,3. From (9) and (13) it
follows that the vector field X0 is absolutely parallel with respect to the
Levi-Civita connection on H41,3 induced by the vector fields (12). For
comparison we note that the vector field X0 = ∂/∂x
0 defined in (2)
is also absolutely parallel. Now it is natural to put forward the idea
that in the realm of the strong interactions spacetime geometrically can
be represented as a one-sheeted hyperboloid (10) in the five-dimensional
Minkowski spacetime. A constant a can be interpreted geometrically as
the radius of the three-dimensional sphere S3, which is considered here as
a space section x0 = 0. From the physical point of view we treat a as the
size of region of quark confinement, since a quark is a pointlike particle
in the space of constant positive curvature S3. For comparison of leptons
and quarks we note that free motion of the electron is represented as a
straight line in the Euclidean usual space and free motion of the quark is
a circumference on the 3d sphere. This correlation between leptons and
quarks will be continued with an example of the Coulomb law for these
objects. To do this consider the Dirac equation for a quark.
In accordance with the original Dirac equation, we write the Dirac
equation in the homogeneous spacetime in the form
γcPcψ = µψ, (14)
where
γaγb + γbγa = −2ηab,
Pc = Xc +
iqa
h¯c
Ac −
1
2
fc, fc = f
a
ac.
Here q is the charge of a particle, and Ac are the components of the vector
potential of the electromagnetic field in the basis Xa. In H
4
1,3, we also have
µ = mca/h¯.
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For the time being, we do not specify the values of the structure constants
of a simply transitive group of transformations of the spacetime H41,3. In
general, [Xa, Xb] = f
c
abXc; therefore, we have
[Pa, Pb] = f
c
abPc +
iqa
h¯c
Fab,
where
Fab = XaAb −XbAa − f
c
abAc (15)
are the components of the strength tensor of the electromagnetic field
in the basis Xa. When the wave equation is established it is not diffi-
cult to write the equations of electromagnetic field. The Jacobi identity
[Pa[Pb, Pc]]+ [Pb[Pc, Pa]]+ [Pc[Pa, Pb]] = 0 results in the first four Maxwell
equations
XaFbc +XbFca +XcFab + f
d
abFcd + f
d
bcFad + f
d
caFbd = 0 (16)
To establish the form of other four Maxwell equations, we set F˜ ab =
1
2e
abcdFcd, where e
abcd are components of the antisymmetric Levi-Civita
unit tensor in the basis Xa. Then we can write equations (16) in the
following equivalent form
XaF˜
ab + faF˜
ab +
1
2
f badF˜
ad = 0 (17)
By analogy, from (17) it follows that the remaining Maxwell equations
are of the form
XaF
ab + faF
ab +
1
2
f badF
ad =
4πa
c
jb, (18)
where jb are components of the current vector in the basis Xa.
Now we will write the Maxwell equations in the three-dimensional
vector form. As usual, we put
ja = (cρ,~j), Aa = (ϕ, −~A),
Ei = F0i, Hi =
1
2
eijkF
jk, i, j, k = 1, 2, 3.
Then from (13) and (15) we obtain
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~E = −∇0~A−∇ϕ, ~H = rot~A = ∇× ~A− 2~A. (19)
where
∇ = (∇1, ∇2, ∇3), ∇0 = X0, ∇i = Xi, i = 1, 2, 3.
Considering that div ~A =
∑3
i=1∇iAi, we can recast the Maxwell equa-
tions (17) and (18) into the familiar vector form
−∇0~H = rot~E, div~H = 0, rot~H = ∇0~E+
4πa
c
~j, div~E = 4πaρ. (20)
Making use of the commutation relations [∇i,∇j] = 2eijk∇k, i, j, k =
1, 2, 3, we can easily verify the identities
div rot = 0, rot grad = 0.
In addition, we have
div grad = △,
where△ is the Laplacian on a three-dimensional sphere. Torsion ( that is,
the non- Abelian character of a simply transitive group of transformations
of H4 ) manifests itself not only in the definition of the operator rot, (21),
but also in the identity
(rot + 1)2 = −△+ 1 + graddiv.
Since the space section of the H41,3 is a three dimensional sphere, it is
interesting to show that the Dirac equation (14) is associated with the
Schrodinger equation for a spherical Top. To verify this, we will derive
eigenvalues E of the Dirac Hamiltonian in question when there is no
electromagnetic field that is, for Fab = 0. Squaring equation (14) and
using (13), we obtain the following equation for E
E2ψ = m2c4ψ −
c2h¯2
a2
(△+ P )ψ, (21)
where
P = Σ1∇1 + Σ2∇2 + Σ3∇3
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and Σi =
1
2eijkγ
jγk. The operator P has properties analogous to those
of the operator rot. In particular, we have
(P + 1)2 = −△+ 1 (22)
Since △+ P = −P (P + 1), then
E2 = m2c4 + p(p+ 1)
c2h¯2
a2
,
where p is an egenvalue of the operator P.
To determine eigenvalues of the operator P , we consider Hermitian
operators acting in the space of solutions to the Dirac equation (14).
Generators of the group mutual to the simply transitive group of trans-
formations of the spacetime H41,3 are given by
Y0 = X0, Y1 = M14 −M23, Y2 =M24 −M31, Y3 =M34 −M12.
This leads to the three Hermitian operators
Ni = −
i
2
Yi
which are analogous to the momentum operators. The remaining three
operators,
Mi = −
i
2
(∇i − Σi) = −
i
2
(Xi − Σi) (23)
are analogs of the electron angular momentum operators. From (23), it
follows that the spin of a particle in question is h¯/2. We have
~M× ~M = i~M, ~N× ~N = i~N
and, in addition,
2(M 2 +N 2) = (P +
3
2
)2 −
3
4
, 2(M 2 −N 2) = P +
3
2
. (24)
Hence, we have the operator equation
2(M 2 +N 2) +
3
4
= 4(M 2 −N 2)2.
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Since, M 2 = l(l+1), N 2 = k(k+1), we find from the operator equation
that l and k satisfy the equation
2[l(l + 1) + k(k + 1)] +
3
4
= 4[l(l + 1)− k(k + 1)]2.
This equation has two solutions, l = k + 12 and k = l +
1
2, whence it
followers that p = 2[l(l + 1) − k(k + 1)] − 32 = −2k − 3. Since S
3 has a
metric invariant with respect to the isometrical reflection, p = 2k + 3 is
an eqenvalue too. For the energy, we then have
E2 = m2c4 + n(n+ 1)
c2h¯2
a2
= m2c4(1 +
λ2
a2
), (25)
where n = 2, 3, ... and λ = h¯/mc. If formula (25) gives the quantum-
mechanical value of the energy of the relativistic spherical Top, we can
then conclude that, at large a, the moment of inertia I = ma2 is also
large, so that the angular velocity is small. Therefore, the nonrelativistic
limit can be found from the condition a ≫ λ. In the limit of large a it
follows from (25) that
E = mc2 +
L2
2I
,
where L2 = n(n+1)h¯2 is the angular momentum of the spherical top and
I is its moment of inertia. The last formula is in accordance with the
classical formula
E =
L2
2I
for the energy of a Top. Thus, the formula (25) gives energy of rotation.
Let us now consider the Coulomb law. The Coulomb potential can be
derived as a solution of the equations of electrostatics, which are invariant
under the group of Euclidean motions, including rotations and transla-
tions. In the case being considered, we will seek a Coulomb potential in
an analogous manner. From (19) and (20), it follows that for a constant
electric field div~E = 4πaρ, ~E = −∇ϕ, and consequently, ϕ obeys the
equation
△ϕ = −4πa2ρ. (26)
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As it is well known, the electron Coulomb potential
φe(r) =
e
r
is the fundamental solution to the Laplace equation△φ = div gradφ = o.
In accordance with our conjecture the Coulomb potential for quarks can
be derived as follows. Consider the stereographic projection S3 from
point (0,0,0,-a) onto the ball x2 + y2 + z2 ≤ a2 :
x1 = fx, x2 = fy, x3 = fz, x4 = a(1 − f),
where f = 2a2/(a2 + r2). Then, it follows that the element of length on
the three-dimensional sphere can be represented in the form
ds2 = f 2(dx2 + dy2 + dz2)
and hence the Laplace equation on S3 can be written as follows
△φ = f−3div(fgrad φ) = 0.
We seek the solution to this equation that is invariant under the trans-
formation of the group SO(3) with generators
x1
∂
∂x2
− x2
∂
∂x1
= x
∂
∂y
− y
∂
∂x
, etc.
This subgroup of the SO(4) group is determined by fixing the point
(0, 0, 0,−a). Let us put
ψ = f
1
r
dφ
dr
.
Since
△φ = f−3(r
dψ
dr
+ 3ψ) = r−2f−3
d
dr
(r3ψ),
then r3ψ = c1 = constant. Thus, we have
dφ
dr
= c1
a2 + r2
2a2r2
= c1(
1
2r2
+
1
2a2
)
and hence
φq = c1(−
1
2r
+
r
2a2
) + c2. (27)
13
Generally speaking, expression (27), that we have derived, coincides with
the well-known Cornell potential [8],[9]. If we demand that φe(a) = φq(a),
then c2 = e/a and the Coulomb law for quarks has the form
φq(r) = q(
1
2r
−
r
2a2
) +
e
a
, (28)
where q is the quark charge.
From our consideration it follows that the idea of rotating matter can
be realized in the framework of relativistic quantum mechanics by the
Dirac equation (14).
4 Conclusion
As the basic wave equation describing the dynamics of quarks, we have
proposed the modified Dirac equation (14), which has been written here
in homogeneous coordinates. The conclusion that quarks are described
by the wave equation different from the conventional wave equation for
electrons is quite natural. In fact, it would be strange if the description
of such different particles were based on the same equation.
The physical meaning of the confinement phenomenon is tightly con-
nected with idea of a rotating matter and consists in that quarks possess
properties of a quantum-mechanical spherical Top. Among other things,
this means that the interquark potential expresses the Coulomb law for
quarks and, in fact, coincides with the well-known Cornell potential that
was first very successfully used by the Cornell group.
For a→∞, the theory of electrons can be derived from the theory of
quarks, but the electrons are obviously deconfined because in this case,
the region of confinement covers the entire Euclidean space. Thus, the
symmetry between quarks and leptons has a natural explanation.
Since the kinematics of quarks differs from the kinematics of electrons,
decays of hadrons and nuclei such that the energy is conserved, but the
momentum is not, are possible. Much has to be done, but the problem
is worth efforts as many interesting applications become possible.
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